The confinement of long-ranged critical fluctuations in the vicinity of second-order phase transitions in fluids generates critical Casimir forces acting on confining surfaces or among particles immersed in a critical solvent. This is realized in binary liquid mixtures close to their consolute point T c which belong to the universality class of the Ising model. The deviation of the difference of the chemical potentials of the two species of the mixture from its value at criticality corresponds to the bulk magnetic filed of the Ising model. By using Monte Carlo simulations for this latter representative of the corresponding universality class we compute the critical Casimir force as a function of the bulk ordering field at the critical temperature T = T c . We use a coupling parameter scheme for the computation of the underlying free energy differences and an energy-magnetization integration method for computing the bulk free energy density which is a necessary ingredient. By taking into account finite-size corrections, for various types of boundary conditions we determine the universal Casimir force scaling function as a function of the scaling variable associated with the bulk field. Our numerical data are compared with analytic results obtained from mean-field theory.
In the vicinity of second-order phase transitions long-ranged fluctuations of the corresponding order parameter arise. Fisher and de Gennes pointed out that in fluids the spatial confinement of such fluctuations produces effective forces acting on the confining surfaces [1] .
In view of certain similarities with the electromagnetic Casimir effect [2, 3] , in which such forces are induced by the quantum fluctuations of the electromagnetic field, these forces in critically fluctuating media are called critical Casimir forces (CCF) [4] [5] [6] . In line with the finite size scaling concept [7, 8] CCF are characterized by universal scaling functions depending on the ratio of the distance between the confining surfaces and the bulk correlation length ξ, which diverges upon approaching the critical point T c [4] [5] [6] . The scaling function depends on the bulk universality class and on the type of boundary conditions (BC) for the order parameter. For classical binary liquids mixtures, which belong to the Ising bulk universality class, CCF have been measured experimentally both indirectly via their influence on wetting films [9] and directly by monitoring a colloidal particle near a wall and immersed in a critical solvent [10, 11] . There is excellent agreement between these experimental data and the corresponding theoretical results [12] [13] [14] . The scaling functions of CCF depend strongly on the BC. Generically, one of the two species of the binary mixture is preferentially adsorbed at a confining wall which within the Ising model corresponds to the presence of a (strong) surface field, denoted as (+) or (−) BC. If the surface is neutral with respect to the two species one is lead to Dirichlet BC (denoted as (O) ) [15] . For the Ising universality class and in the presence of surface fields the variation of the CCF upon varying the BC has been studied experimentally [16] , theoretically [17] , and numerically [18, 19] . One finds a continuous crossover between attractive CCF for (+, +) BC and repulsive ones for (+, −) BC. There is experimental evidence that CCF do not only depend sensitively on temperature but also on c A [20, 21] . However, whereas there is by now rather reliable theoretical knowledge concerning the temperature dependence of CCF [12, 13, 18, 19] , there are only a few studies of their concentration dependence; they are either pure mean-field studies [22] or scaling-theory enhanced mean-field studies [23] [24] [25] .
For spatial dimension d = 2 the CCF in the presence of a bulk magnetic field have been studied in detail in Refs. [26] [27] [28] .
In particular, for spatial dimension d = 3 there are no simulation data available concerning the dependence of the CCF on the bulk magnetic field within the Ising universality class.
The present study closes this gap and provides insight into the scaling behavior of CCF in the full neighborhood of the critical point for four sets of BC: (+, +), (−, +), (O, +), and
We consider a simple cubic lattice with lattice spacing a. (On the lattice all lengths are measured in units of a and thus are dimensionless.) The lattice sites form a slab L x ×L y ×L z with L x = L y = 6L z and with a cross-section A = L x × L y . There are periodic BC along the x and y axes. In our study we have carried out simulations for L z = 10, 15, and 20.
Each lattice site
The Hamiltonian of the Ising model with bulk (H) and surface fields (H 
Here and in the following the energies and fields are measured in units of the spin-spin interaction constant J. The sum ij is taken over all nearest-neighbor pairs of sites on the lattice and the sum over k runs over all spins. The four types of BC which we study correspond
In practice, we use surface fields which are finite but strong enough to observe saturation of results and thus mimic the action of infinite surface fields [19] . Finite surface fields give rise to a dependence on the scaling variables H
and
= −100 instead of +∞ and −∞, respectively. Here ν = 0.6301(4) [29] is the critical exponent of the bulk correlation length ξ
, and
is the so-called critical surface gap exponent. For these large values for
and A the system depends de facto only on the three parameters β = 1/(k B T ), H, and
According to finite-size scaling theory [32] , for given BC and number of layers L z the thermodynamic state of the system is characterized by two scaling variables: (L z /ξ t , HL
where HL ∆/ν z is the bulk magnetic field scaling variable with ∆ = 1.5637(14) [29] .
For large values of A, the total free energy F (β, H, L z ) of the film can be written as
is the bulk free energy density per k B T of the macroscopic system at a given temperature and bulk magnetic field.
The excess free energy f ex per area gives rise to the critical Casimir force f C in units of k B T
For given BC, on a lattice (we denote lattice quantities by symbols with a "hat"ˆ) we replace the derivative by the finite differencê
where
Here we express the CCF in terms of the film thickness L :
which is a half-integer quantity.
In accordance with eq. (2), we determine the film free energy difference ∆F (BC) and the bulk free energyf b per spin and per k B T as functions of the bulk magnetic field H at T c . To this end we use the coupling parameter approach (see Refs. [13, 19, 33] (2) is given by
where the last term corresponds to the free energy of A isolated spins. at a certain value H 0 of the bulk magnetic field one can compute the bulk free energy density for an arbitrary value of the magnetic field H via integration:
By using eqs. We have employed a histogram reweighting method [37, 38] is not yet available and the present analysis closes this gap. Finally, we combine the results for the bulk free energyf b (β c , H) with the corresponding ones for the free energy difference 
The numerical accuracy off
is determined in a standard way by subdividing the numerical results into 10 series.
On the basis of finite-size scaling theory [7, [10] [11] [12] [13] [14] [15] , in spatial dimension d CCF in units of k B T and per d − 1-dimensional area are expected to exhibit the scaling form
where the universal scaling function ϑ [25] , and Ref. [22] .) In eq. (7), for each BC we use an effective thickness L eff = L+ δL such that, to a certain extent, δL captures some corrections to scaling [18, 19] . Since here we are studying the behavior of the CCF at the critical temperature β c , one has L eff /ξ ± t = 0; thus in the following we omit the first argument of ϑ
We apply the fitting procedure described in the Appendix of Ref. [13] which for each type of BC minimizes the spread among the results for ϑ (BC) as obtained for various values of L (= 9.5, 14.5, 19.5). This procedure renders the correction δL to scaling (see Table I ). In eq. (1) [15] :
where exp{−H[φ]} is the statistical weight of the scalar order parameter field,Ã is the three-dimensional cross-sectional area,L is the film thickness, g > 0,H is the bulk field,H 
with the BC dφ dz z=0 = c i φ(z = 0) −H i 1 (10) wherez is the separation from the wall, i.e.,z = z for − andz =L − z for +. For largeH i 1 , the leading behavior of φ(z ≪L) is given by ± 12/gz −1 [22] which corresponds to ± BC.
For large c i one has φ(z = 0) = 0 corresponding to BC O.
The stress tensor is
so that the CCF in units ofÃ and k B T equals
where z 0 is an arbitrary point 0 ≤ z 0 ≤L. The bulk contribution is 
